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Abstract 

We construct a compactification X of the Bruhat-Tits building X associated to the group 
PGL[V) which can be identified with the space of homothety classes of seminorms on V 
endowed with the topology of pointwise convergence. Then we define a continuous map from 
the projective space to X which extends the reduction map from Drinfeld's p-adic symmetric 
domain to the building X. 
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Introduction 

It is well-known that the Bruhat-Tits building X of PGLiV) can be identified with 
the set of homothety classes of norms on V . It can also be described with lattices 
of full rank in V . In ||We|| we constructed a compactification of X which takes into 
account lattices of arbitrary rank in V . 

The goal of the present paper is to describe a related compactification X, which is 
more adapted to the description of the building in terms of norms. It is in some sense 
dual to the construction given in ||We|| . Whereas there the boundary of X consists 
of all buildings corresponding to subspaces of V , here we attach the buildings corre- 
sponding to quotient spaces of V . We prove that our construction leads to a compact, 
contractible space X, and that PGLiV) acts continuously on X. 

A nice feature of this new construction is that it has a very natural description: Namely, 
X can be identified with the set of homothety classes of seminorms, endowed with the 
topology of pointwise convergence. 

In the final section, we use the compactification X in order to show that the reduction 
map r : i^'*" — » X from the Berkovich analytic space corresponding to Drinfeld's p- 
adic symmetric domain to the building X has a natural extension to a continuous. 
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PGL(V^)-equivariant map 

r : ^iyY"" — > X, 

where P(\^)'^" is the Berkovich analytic space induced by the projective space. Be- 
sides we show that r has a continuous section j : X ^ ¥{V)"'"', which induces a 
homeomorphism between X and a closed subset of F{V)"'"'. 

We hope that the compactification X can be used to construct a kind of Satake com- 
pactification for Bruhat-Tits buildings associated to arbitrary reductive groups. 
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1 Notation and conventions 

Throughout this paper we denote by i^' a non-archimedean local field, by R its valua- 
tion ring and by k the residue class field. Besides, v is the valuation map, normalized 
so that it maps a prime element to 1, g is the number of elements in the residue field 
and \x\ = the absolute value on K. 

We adopt the convention that "c" always means strict subset, whereas we write "C", 
if equality is permitted. 

Let V be an n- dimensional vector space over K, and let G be the algebraic group 
PGL (V). 

2 Seminorms 

We call a map j : V ^ M>o a seminorm, if 7 is not identically zero, and satisfies 

i) 7(Af ) = |A|7(t') for a\\ \ E K and v E V, and 

ii) 7(f + w) < sup{7(f ), 7(w)} for all v, w in V. 

We call 7 canonical with respect to a basis f 1, . . . , f„ of if 

jiXm + ... + XnVn) = sup{|Ai|7(i;i), . . . , |A„|7(i;„)} 
for all Ai, . . . , A„ in K. 
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A seminorm 7 satisfying 
iii) 7(3;) > for all x 7^ 0, 
is a norm on V. 

A seminorm 7 on induces in a natural way a norm on the quotient space V^/ker7. 
By ||Go-l|| , Proposition 3.1, for any norm 7 there exists a basis with respect to which 7 
is canonical. Looking at the norms induced on a quotient, we find that the same holds 
for seminorms. 

Two norms or seminorms 71 and 72 on V are called equivalent, iff there is a positive 
real constant c such that 71 = C72. 



3 Compactification of one apartment 

We fix a basis vi, . . . ,Vn of V , which defines a maximal i^-split torus T in G, induced 
by the torus T~ of diagonal matrices in GL(y) with respect to vi, . . . ,Vn- We denote 
by Xi the character of T~ mapping a diagonal matrix to its i-th entry. Then all Xt/Xj 
define a character aij of T. 

Let N be the normalizer of T in G. We denote by T = T{K), N = N{K) and 
G = G{K) the groups of rational points. Then W = N/T is the Weyl group of the 
root system $ = {aij : i 7^ j} corresponding to T. We can identify in a natural 
way with the group of permutations of {1, . . . ,n}. By embedding W as the group of 
permutation matrices in A^, we find that N is the semidirect product of T and W. 

By X^,{T) respectively X*{T) we denote the cocharacter respectively the character 
group of T. Let A be the R- vector space A = X^,(T) CS^ R. We take A as our 
fundamental appartment in the definition of the Bruhat-Tits building associated to G. 

Let rji : G^, — >■ T be the cocharacter induced by mapping x to the diagonal matrix with 
diagonal entries di, . . . ,dn such that dk = I for k i and di = x. Then ?7i + . . .+rjn = 0, 
and rji, . . . ,rin-i is an R-basis of A. If t G T is induced by the diagonal matrix with 
entries di, . . . , dn, we define a point uit) G A by z/(t) = —v{di)rii — ... — v{dn)rjn- 

Every t & T acts on A as translation by Besides, W acts as a group of reflections 
on A. Since N is the semidirect product of T and W, we can define an action of N on 
A by affine bijections. 

It is well-known that A can be identified with the set A/'c of equivalence classes of those 
norms on V which are canonical with respect to the basis Vi, . . . ,Vn, cf. [ [Br-'l'i|| . To 
be more explicit, define a map 

if : A — > Mc 
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by mapping x — xirji + . . . + XnTjn in A to the class of norms represented by 



7(Ai^;i + . . . + XnVn) = sup{|Ai|g . . . , \Xn\q ^"}. 



It is easily seen that cp is well-defined, bijective and A'"-equivariant, if we let N act on 
the class of equivalence classes of norms by 7 i— > 7 o n~^. 

Let us denote by S'^ the set of all seminorms on V which are canonical with respect 
to Vi, . . . ,Vn, and by Sc the quotient of S'^ by the equivalence relation on seminorms 
defined above. We will now define a compactification ^4 of ^4 so that ip can be extended 
to a homeomorphism from A to Sc- 

We write n for the set {1, . . . ,n}. Let J be a non-empty subset of n, and let Vj be the 
subspace of V generated by the Vi for i E J. We write G^-' for the subgroup of G = 
PGL (V) consisting of the elements leaving the subspace Vj invariant, and Gj for the 
algebraic group PGL (Vj). Then we have a natural restriction map pj : G^-' — Gj. 
The torus T is contained in G^-', and its image under pj is a maximal X-split torus 
Tj in Gj, namely the torus induced by the diagonal matrices with respect to the base 
{vi-.ie J} of Vj. 

Besides, we have the quotient map qj : V ^ V/Vj. There is a natural homomorphism 



Then for all subsets I C n the homomorphism aj maps T to a split torus T/ in 
PGL{V/Vn\i). Put Tj = Tj{K). Besides, we put 

Ai^X4Ti)^R. 

Then ai induces a surjective homomorphism 

si:A^ Ai, 

mapping the cocharacter rji to zero, if i is not contained in /, and to the induced 
cocharacter r/f of T/, if i is contained in /. Then Ai is generated by the cocharacters 
rjj for i e /, subject to the relation X^jg/^f = 0. 

Besides, we define a homomorphism Vi : Tj ^ Ai by T'i{t) — X^ie/ if ^ is 

induced by the matrix with diagonal entries di for all i & I. Obviously, Vioai — sioy 



:G^'' 



PGLiVlVj). 



on T. 



Now put 



A^A\J IJ Ai 



u 



Here of course An — A and s„ is the identity. 
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Let us denote by S'^{I) the set of all seminorms on V which are canonical with respect 
to Vi, . . . ,Vn, and whose kernel is equal to Vn\i, and by Sc{I) the corresponding quotient 
space with respect to equivalence of norms. Then we define a map 

ip:Ai^ <Se(/) 

by associating to the point x = Yliei -^i^i seminorm represented by 

7(Ait;i + . . . + X„Vn) = sup{|Ai|g"^' : i e 1} 
Obviously, ip : Aj ^ ^c{I) is bijective. 
Combining all these maps yields a bijection 

(p : A — > Sc. 

Now we want to define an action of on A. First of all, we use the homomorphism 
Vj o ai — Si o u : T ^ Ai to define an action of T on Ai by affine transformations. 

For w & W we denote the induced permutation of the set n also by w, i.e. wc abuse 
notation so that w{vi) — Now define an action of w on ^4 by putting together 

the maps 

w: Ai — > A^i^j), 

sending r]j to vZ^ly Note that it is compatible with the action of w on A, i.e. we have 

w o Si — Sw(^i) o w 

on A. These two actions give rise to an action of iV = T x on A, which we denote 
by u. If N acts in the usual way on Sc, i.e. by 7 i— > 7 o n~^, it can easily be checked 
that the bijection (p is A'"-equivariant. 

Let us now define a topology on A. For all / C n we put 

For all open and bounded subsets U C A we define 

r^ = (t/ + A,)U y sj{U + Ai). 

ICJcn 

We take as a base of our topology on A the open subsets of A together with these sets 
for all non-empty I G n and all open bounded subsets U of A. 

Note that every point x E A has a countable fundamental system of neighbourhoods. 
This is clear for x e A. If x is in Ai for some I C n, then choose some z e A 
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with sjz = X, and choose a countable decreasing fundamental system of bounded open 
neighbourhoods (yk)k>i of z in A. Put Uk = Vk + J2i(^i '^^^^ open neighbour- 
hood of z + k Vi- Then {Tljjk>i is a fundamental system of open neighbourhoods 
of X. 

Our next goal is to compare the previous construction to the compactification of the 



appartment A which was used in |[We|| . Denote by V* the dual vector space corre- 
sponding to V. The map g t— > *g~^ induces an isomorphism a : PGL jV*) —>■ PGL (V), 
which maps the torus T', given by the diagonal matrices with respect to the dual basis 
vl, . . . ,v^, to the torus T. This defines an isomorphism of the cocharacter groups 

:X,(T') ^X,(T). 

Note that a* introduces a sign, i.e. if rj'^ is given by the map sending x to the diagonal 
matrix with i-th entry x, and entries 1 at the other places, then a* maps rj^ to the 
cocharacter —rji. If we denote by A' the appartment in the building of PGL jV*) given 
by the torus T', the map a* induces an isomorphism of R- vector spaces (3 : A' —>■ A. 

Let J be a non-empty subset of n, and let {V*)i be the subspace of V* generated 
by all V* for i & L Then (y*)i ^ iV/Vn\i)*. Hence a induces an isomorphism 
aj : PGL ((V*)r) PGL jV /V„\r) making the following diagram commutative 

PGL (V*Y^*'^' PGL (VV^\' 

PI O"/ 



PGL{{V*)j) PGLiV/V^\j) 

Restricting aj to the torus T'j- induced by the diagonal matrices with respect to v* for 
i E I, we get an isomorphism ^ T/. This induces an isomorphism 

:X,(T^) -^X,(T,). 

If T]'/ denotes the cocharacter induced by mapping x to the diagonal matrix with entry x 
at the place i, and with entry 1 at the places j ^ iin I, we have (a/)*(?7/) = —vl- Again 
we put A'j = X*(Tj) C?) M. Then {ai)^: induces an R-linear isomorphism (3 : A'j Aj. 



Now we put as in |[We|] , section 3, A = A' U Ij0^/cn^/- Then we have defined a 
bijection 

/? : a' — >A. 

Note that by definition /3 is a homeomorphism, if A' is endowed with the topology of 
Well , section 3. Besides, in |[We|| , section 3, we defined an action u' of X' on A , where 



N' is the normalizer of T'. Via the isomorphism a : N ^ N', this is compatible with 
the X-action on A defined above. 

Hence we can deduce 
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Theorem 3.1 i) The topological space A is compact and contractihle, and A is an 
open, dense subset of A. 

a) The action v : N x A ^ A is continuous. 



Proof: This foUows immediately from ||We|| , Theorem 3.4 and Lemma 3.5. 



We can endow the space S'^ of canonical seminorms with the topology of pointwise 
convergence, i.e. with the coarsest topology such that for aXlv&V the map 7 1— > 7(f) 
from S'^ to M>o is continuous. On Sc we have the quotient topology. Both S'^ and 
Sc are Hausdorff. We will now show that the bijection defined above is in fact a 
homeomorphism . 



Proposition 3.2 The N-equivariant bijection (p : A —>■ Sc is a homeomorphism. 

Proof: Note that it is enough to show that is continuous, since a continuous bijec- 
tion from a compact space to a Hausdorff space is automatically a homeomorphism. 

Let X = ^i^jXifjl be a point in Ai, and assume that Xi^ = for some io G /. We 
want to show that p is continuous in x. If 7 is the seminorm 7(Ait'i + . . . + A„f„) = 
sup{|Ai|g~^i, . . . , \\n\<l~^"}, then ip{x) is represented by 7. 

If U is an open neighbourhood of if{x) = {7}, then it contains a set of the form 

{{/?} G Sc : \p{vi) - 7(t;,)| < e for alH = 1, . . . ,n}. 
We find an open and bounded subset of A so that all X]r=i ViVi ^ ^ satisfy 

Iq^y^+y^o - g-^'l < £ for alH G / and 
^q-y^+Vio I < for aU i ^ /. 

Then Ty = {V + A/) U U/cjcn ^j(y + ^i) is an open neighbourhood of x in A. Let 
us show that (p(Ty) is contained in U. If ?/ is a point in Ty, say y = sj{z) for some 
I ^ J and some z = Yl^=i ^iVi in + A/, then (p{y) is represented by the seminorm (3 
with (3{XiVi + . . . + XnVn) = sup{|Ai|g~^*+^'o : i g J}. Hence \(3{vi) — 7(fi)| < s for all 
i = 1, . . . , n, so that ip{y) G U. Therefore ip is indeed continuous. 



4 Compactification of the whole building 

Let us first recall the construction of the Bruhat-Tits building X corresponding to G. 
For every root a = aij we denote by Ua the root group in G, i.e. the group of matrices 
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U = {uki)k,i such that the diagonal elements Ukk are equal to one, and all the other 
entries apart from Uij are zero. Then we have a homomorphism 

^a-.Ua > Z U {00} 

by mapping the matrix U = {uki)k,i to v{uij). Put for all / G Z 

Ua,l = {ueUa. i^aiu) > I}. 

We also define t/a,oo = {!}, and Ua~oo = Ua- For all x G A let now be the group 
generated by Ua-a{x) = {u & Ua : "ipaiu) > —a{x)} for all a G Besides, put 
Nx = {n ^ N : v{n)x = x}, and 

Then the building X = X( PGL (V)) is given as 

X = G X A/ ~, 

where the equivalence relation ~ is defined as follows: 

, . ^ iff there exists an element n & N 

[9, a^j ~ I ,y), ^Yi^^^ u{n)x = y and g^^hn G Px- 

There is a continuous action of G on X via left multiplication on the first factor, which 
extends the X-action on A. For all s G A the group is in fact the stabilizer of x. 

Now we define for all non-empty subsets S of A and all roots a G $ 



/s(a) = inf{t : S C {2 G A : a{z) > -t}} 
= - sup{t : S C {ze A: a{z) > t}} 

Here we put inf = supM = 00 and inf M = sup0 = —00. Obviously, fx{ci) = —a{x), 
if X is contained in A. 

We define a subgroup 

Ua,j: = UaJs{a) = {u E Ua : i)a{u) > /s(a)} 

of Ua, where f/a,oo = 1 and Ua ~oo = Ua- By f/s we denote the subgroup of G generated 
by all the Ua,T. for roots a G $. 

Recall from the previous section that the isomorphism a : PGL jV*) PGL (V) 
induces a homeomorphism P : A ^ A. Besides, a induces a bijection between the 
root systems a* : $ = $(T) $(T'). Let us define as in [|We|| , section 4, for all non- 
empty subsets of A and all roots a G $(T') the subgroup Ua^n of the group PGL{V*) 
as {u E Ua ■ ^Jaiu) > fn{a)} for /^{a) = mi{t : Q C {z E A' : a{z) > —t}}. Besides, 
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let Un be the subgroup of PGL{V*) generated by all Ua,n, and put Pn = NnUn. Then 
= //3(f7)(a), and hence a{Ua*(a),n) = Ua,f3{n) for all roots a G $, which implies 



Besides, we define for all non-empty S C A the group N^, = {n & N : z/(n)a; 
X for all X G S}, and 



Since A/'s normahzes U^, which can be shown as in |[W^| , 4.4, this set is indeed a group. 
Besides, we have 



P 



Now denote by Z C T the kernel of the map u : T —>■ A. We fix the point G A. The 
group Uq = UqZ is compact and open in G, see |[La|| , 12.12. 



We define the compactification X of the building X as 

X = U^x A/ ~, 

where the equivalence relation ~ is defined as follows: 

, , , , iff there exists an element n & N 
[9, X) ^ [ ,y), g^pj^ ^Yiat ij{n)x = y and g^^hn G Px- 



Since ||We|| , 4.4 implies that nP^n ^ = Pu{n)x for all n G and x E A, it is easy 
to check that ~ is indeed an equivalence relation. We equip X with the quotient 



topology. Hence X is open and dense in X. In ||We|| , section 4, we gave a similar 
definition of a compactification X of the building X' corresponding to the group 

- UnZ' 



PGL jV*), using the groups P^ for x G A recalled above, and the group {Uq 
for Z' = ker(z/' : T' —>■ A') and G A'. Since a{Px) = Pf3{x), the homeomorphism 

(a,/5):(f/o^)'xA'- 

induces a homeomorphism 



X A 



X 



X. 



Therefore we can use the results of |[We|| to deduce 



Theorem 4.1 X is a compact and contractihle topological space, containing the build- 
ing X as an open, dense subset. 
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Proof: This follows from ||We|| , Theorem 5.5 and 5.6. 



For every x & A we have a mixed Bruhat decomposition G = PqNPx, which follows 



from I [Well , 4.9. This can be used to define an action /i of G on X in the following 
way: Let z ^ X he an element induced by {u, x) G Uq x A, and let g E G. Write 
gu = vnh for some v G Uq, n E N and h G P^- Then ix{g, z) is the point in X induced 
by (t>, z/(?T,)x) in ^7,^ x A. Since nP^n'^ = Pu{n)x, this induces a well-defined action of 
G on X, which extends the action u oi N on A. 



Our next goal is to show that the action /i is continuous. (This is a result whose 
counterpart for X was not proven in 



Theorem 4.2 The action fi : G x X ^ X defined above is continuous. Hence X is 
equal to the quotient of G x A after the following equivalence relation: 

, . (h \ '^ff there exists some n E N 
[g,x) ^ [ ,y), ^.^j^ u{n)x = y and g'^hn G Px- 



Proof: Let us first show that the continuity of the G-action /i implies that we can 
also write X as a quotient of G x A. The inclusion Uq ^ G induces a bijection 
T : X = {{Uq X y4)/ ~) — > {{G X A)/ ~), which is obviously continuous. Besides, if 
V is an open subset of X, then the preimage of t{V) in G x A is equal to /iQ^(V^), 
where ^iq is the restriction oi ii to G x A. Hence the continuity of /x implies that t{V) 
is open. 

If we restrict ji to the open subgroup Uq of G, the action of Uq on X is induced by 
the natural action of Uq on Uq x A given by left multiplication in the first factor, so 
that /i is continuous in all points (1, 2;) for 2; G X. 

Hence it suffices to show that every g E G acts continuously on X. Let us denote the 
quotient map Uq x A — > X by vr. Then we have to check that the map fig : Uq x A — > 
X, defined by fig{u,x) = 7r(t>, z/(n)x), if gu = vnh is a decomposition according to 
G = UqNPx, is continuous. 

Assume that Uk is a sequence in Uq converging to n G Uq, and that Xk is a sequence 
in X converging to x G X. Then we have to show that fig{uk,Xk) (or at least a 
subsequence of it) converges to ). Write guk = Vk'Jk for Vk E Uq and 7^ G NP^,^. 

Since Uq is compact, we can pass to a subsequence of the {uk,Xk) and assume that Vk 
converges in Uq to some element v E Uq. Then the sequence 7^ converges in G. 

Assume for the moment that we have proven the following claim: 

Claim: If Xk is a sequence in A converging to x E A, and 7^ is a sequence in NP^^ 
converging to some ■y E G, then (after possibly passing to a subsequence of Xk) we can 
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write 7a; = rikhk with rik & N and G Px^. such that converges to some n G N, 
and /ifc converges to some h & P^- In particular, 7 hes in iVP^.. 

Beheving this result for a moment we can write 7^ = nkh^ with Uk ^ n E N and 
hk ^ h E Px- As (yf-Ufc = VkTikhk G U^NPx^ converges to (?m = fn/i G UqNPx, the 
continuity of the A^-action on A implies that fig{uk, Xk) = TT{vk, v{nk)xk) converges to 
7r(w, i/(n)x) = jig{u,x). 

Hence it remains to prove the claim. As a first step, we will prove it under the condition 
that the sequence Xk is contained in A. The limit point x lies in some component Ai 
for I C n. We fix an index io G /, and write Xk = ^k,iVi with Xk^i^ = 0, and 
X = 'Yliei^i^l with XiQ = 0. The convergence — > x translates into 

Xk,i ^ Xi, if i G / and 

Xk,i ^00, a i ^ I. 



By the pigeon-hole principle there must be one ordering -< 22 ~< • • • ~< V of the set 
n\I = {ii, . . . such that infinitely many members of the sequence Xk satisfy 

Xk,ii ^ Xk^i2 ^ • • • ^ Xk^ij.- 

We replace Xk by the subsequence of all Xk satisfying these inequalities. Now we 
choose any ordering -< of the set / and define a linear ordering -< on the whole of n 
by combining the orderings on / and n\I subject to the condition i -< j, if i ^ I and 
j G /. Then = {fljj : i -< j} is the set of positive roots with respect to a suitable 
chamber corresponding to $ (cf. ||Bou |, chapter V and VI). 



If aij is contained in the set $ of negative roots, i.e. we have j -< i, then 

if i,j ^ I 

fxMij) = -O-iji^k) = XkJ - Xk,i I ^00, Hie I,J ^ I 




- Xi, if i,j G /. 

Hence there is a real constant C such that fxS^) — ^ and all a G 

Now let us denote by U$+, respectively U$- the corresponding subgroup of G (see 



Bof , 21.9), and by f/$+, respectively ?7<i,-, their i^'-rational points. For all y E A we 
put 

[/+ = f/$+ n Uy and Uy = U^- n Uy. 



It follows from |[We|| , Theorem 4.7, that the multiplication map induces a bijection 
riaG^i ^a,y — ^ , wherc the product on the left hand side may be taken in arbitrary 
order. Hence the fact that for all a G $~ the numbers fxS^) are bounded from below 
implies that all U~ are in fact contained in a compact subset of ?7$- . 
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It follows from ||We|| , Corollary 4.8, that the group Py can be written as 



y y y^y ^y ' 



Therefore the element '-/k G NP^^. has a product decomposition as 7^ = ni^u^u'^ with 
rik E N, u'l E t/^, and G U~^. Since all are contained in a compact subset 
of Uq>- , we can pass to a subsequence and assume that m^T converges to some element 
u~ G f/$-. By [|We|] , Lemma 4.3 and Theorem 4.7, we find that u~ lies in U~ . Besides, 
after passing to a suitable subsequence of 7^, all Uk E N lie in the same coset modulo 
T, i.e. rzfc = mt^ for some m E N. Then t^w^ is a converging sequence in the Borel 



Hence converges to some t E T, and that uj^ converges to some 



group T?7$ 

G f/$+. Again we deduce from ||We|| , 4.3 and 4.7, that m+ lies in fact in f/+. Hence 

7fc = mtkU'lu^ = Ukhk for ra^ = mtk G and 



G Pxfc, and we have shown 



that Uk converges to rat G and that ht converges to W^u 
claim holds if the Xk are contained in A. 



G Pr- Therefore our 



In the general case we denote again by Ai the piece of A containing x. After passing 
to a subsequence of Xk we can assume that all Xk lie in the same piece Aj. Then I 
must be contained in J. Besides, after passing to a subsequence of 7^ we find some 
mo G A^ such that mo7fc is contained in TP^^ for all k. 

Now recall the commutative diagram 



PGL{V* 



Pj 



PGL{{V* 



PGLiVy 



PGLiV/V^ 



from section 3. From the proof of ||We|| , Theorem 5.7, we know that for all y' G Aj the 
map Pj induces a surjection pj : Py' — > Py,, where Py, is defined in the same way as 
Py', replacing PGL{V*) by PGL{(y*)j) and the appartment A' by A'j. Besides, Py is 
the full preimage of Py, under p j. We know that for y = [3{y') the equality a{Pyi) = Py 

holds, and it is easily checked that also aj{Py,) = Py, where for every point y G Aj the 

group Py is the subgroup of PGL{V/Vn\j) defined in the same way as Py, replacing 
the group PGLiV) by PGL(y/Vn\j), and the appartment A by Aj. Hence it follows 

that CTj induces a surjection aj : Py Py, and that Py is the full preimage of Py. 

Since mo7fc hes in PGL(y)^s.\J ^ we can apply aj to this sequence and get a converging 
sequence in PGL(y/Vn\j)- Since Xk is a sequence in Aj, we can apply the case of our 
claim already proven, this time working in the building corresponding to PGL (V/Vn\,j). 
It follows that crj(mo7fc) can be written as o"j(mo7A:) = mkhk with G N{Tj) 
converging to some rh in N{T_j 



and hk G P^ 



converging to some h in P^ 



12 



After passing to a subsequence, we find elements nik in N projecting to rhk under aj 
such that rrik converges to some m & N with aj{m) — rh. Then ctj maps m^^mo7jt 

to the element hk G P^^- Hence m^^mo^k lies in Pj.^,. Besides, TO^^mo7fe converges to 
m~^mo7, and this projects via aj to h. Now h lies in P'^ for the limit point x e Aj, 
and it is easily checked that o"J^(P!^) is contained in o'j^^(P^), which is equal to P^. 
Hence rrr^rriQ^i G P^.. Therefore we can put = m^^rrik and /i^ = m^-^mQjk to obtain 
the desired decomposition of 7^: The sequence converges to n = rriom^^ in A^, and 
the sequence hk converges to m~^mo7 in P^. 

This finishes the proof of the theorem. 

5 X as the space of seminorms on V 

We want to extend the homeomorphism ip : A ^ Sc, where Sc is the space of equiv- 
alence classes of canonical seminorms with respect to Vi, . . . to the whole com- 
pactified building X. Let S' denote the set of all seminorms on V, and denote by S 
the quotient of S' with respect to the equivalence relation on seminorms. On S' we 
have the topology of pointwise convergence, i.e. the coarsest topology such that for 
all V & V the map 7 1— > 7(1') is continuous. The quotient space S is equipped with 
the quotient topology. Both S' and S are Hausdorff. Note that S' carries a natural 
GL(K)-action given by 7 1-^ g{'y) =70 g^^. This induces a, G — PG L{V)-a,ction on 
the quotient space S. 

Theorem 5.1 The map G x A ^ S, which associates to {g,x) e G x A the point 
g{ip{x j) G S, induces a G-equivariant homeomorphism 

cp-.X — >S. 

Proof: In order to show that (p is well-defined we have to check that for all x & A 
the group P^ stabilizes the seminorm class ip{x). We have P^ — U^N^. Since (p is 
A^-cquivariant on A, the group A^^- stabilizes p{x). It remains to show that for all 
a G $ the group Ua,x fixes p{x). Let Aj be the piece of A containing x. Let us 
first assume that i ^ I. Every u G Uai^ leaves the vectors Vi for / 7^ j invariant and 
maps Vj to Vj + ujVi for some uj & K. If 7 is a seminorm representing p{x), then 
7 o u~^{vj) = j{vj — oovi) = jivj), as ■j{vi) — 0. Hence every u G Ua^^^x stabilizes 7. 
If i G / and j ^ /, then C/a- .^j; = 1, and there is nothing to prove. It remains to treat 
the case that both i and j are contained in /. If x = '^i^^Xifj^, then every u G f/a, ,a; 
maps Vj to Vj + uvi for some u E K satisfying v{u) > fx{(iij) = Xj — Xi. For the usual 
seminorm 7 representing p{x) we can calculate 

l{u~\vj)) = j{vj - ujVi) = sup{g-^^ = q~''' = j{vj). 
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As u leaves the other vi invariant, the group Ua^j^x fixes (fi{x). 

The map (p is obviously G-equivariant. Since every seminorm on V is canonical with 
respect to a suitable basis, (p is surjective. 

Let us now show that ip is injective. If g{ip{x)) coincides with h{p{y)), it is easy to 
see that there exists some n E N satisfying n{ip{x)) = (p{y). Since ip is A^-equivariant 
and injective on A, this implies ^{njx — y. Now g~^hn is contained in the stabilizer 
of Hence it remains to show that this stabilizer is equal to P^- If x is contained 

in A, we have the Bruhat decomposition G = PxNPx- Hence every g stabilizing p{x) 
can be written as g = pnq with p and q in P^. We already know that Px is contained 
in the stabilizer of p{x), hence it follows that n stabilizes p{x). Since p : A ^ Sc is 
A'-equivariant and injective, this implies that n, and hence also g, is contained in P^. 
If X is a boundary point, i.e. x & Aj for some I C n, then p>{x) induces an equivalence 
class of norms on the quotient space V/Vn\i. Every element g stabilizing p^{x) leaves 
Vn\i invariant, so that we can apply aj : PGL{V)^s.\i PGL{V/Vn\i) to g. By the 
first case, applied to the appartment Aj in the building associated to PGP{V/Vn\i), 

we find that cri{g) lies in the group P^, i.e. the subgroup of PGL{y/Vn\i) defined in 
the same way as Px, replacing PGL{V) by PGL(V/Vn\i) and A by Aj. We have seen 

in the proof of 4.2 that aJ^{Pl.) — Px, so that g lies indeed in Px- 

Let us now show that p> is continuous. Since p> is induced by the composition 

GxA'^GxSc — >S, 

we have to show that the second map is continuous. Hence we have to check that the 
action GL{V) x S'^ ^ S' is continuous, which amounts to checking that for ah v E V 
the map t/jy : GL(V) x 5^ — > R, given by {g, 7) t-^ l{g~^v) is continuous. 

We claim that for all f G l^, 70 G iS^ and £ > there exists an open neighbourhood W 
of v in V and an open neighbourhood F of 70 in S'^ such that for oil w E W and all 
7 e r we have \'y{w) — 7o(w)| < e. 

Let us believe the claim for a second. Then we find for vinV and 70 in S'^ and for 
every £ > open neighbourhoods if of 1 in GL{V) and F of 70 in S'^ such that for 
all /i e if and all 7 e F the estimate \^{h~^v) — ^Q{hr^v) \ < e holds. Besides, we can 
make H so small that all h E H satisfy \^o{h~^v) — ^o{v)\ < s. Hence 

\-i{h-\) - -io{v)\ < \-i{h-^v) - 7o(^"Ml + |7o(^"^^^) - 7o(^^)| < 2£. 
This shows that -0^ is continuous in (l,7o), hence everywhere. 

It remains to show the claim. Let v — X^ILi ^^^^ assume that 70(1') 7^ 0. 

Choose some < 5 < min{l, : /Xj 7^ 0} such that S^aivi) < 7o(v) for all i = 1, . . . , n. 
Then we put W — {w — ^^XiVi : \Xi — < S}. For all w — ^^XiVi G W the 
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conditions on 5 imply that |Ai| = for all i such that //j 7^ 0. If on the other hand 
Hi — 0, then |Aj| < 5, which implies |Aj|7o(i'i) < 7o(i')- Hence for ellwEW 

7o(w) = sup{|Ai|7o(wi), . . . , |A„|7oK)} 

and 

7(w) = sup{7(v),sup{|Ai|7(t;i) : /i^ = 0}}. 

Let us denote by T the open neighbourhood of 70 in S'^ consisting of all 7 satisfying 
- 1o{v)\ < £ and \'y{vi) - -fo{vi)\ < s ior i = 1, . . . ,n. 

If 7 e r satisfies ^{w) — |Ai|7(i'i)| for some i with //^ = 0, then 

l{v) < \\i\l{vi) < \Xi\{'yo{vi) +e)< 7o(v) + e 
< l{v) + 2e, 

which implies 

b{w)-7o{w)\ = I |Ai|7(wi) -7o(t;)| 

< \\M^{v^)--f{v)\ + Hv)-^o{v)\ 

< Se. 

If j{w) = j{v), this estimate holds trivially, so that our claim follows. 

Now we treat the case that 70(1') = 0, i.e. we have 7o(t'i) = for all i such that Hi ^ 0. 
Choose some < 5 < min{l, \\x^ : \Xi ^ 0}, put W — {w = '^XiVi : |Aj — < 5}, 
and let F be the open neighbourhood of 70 consisting of all 7 satisfying 17(^)1 < £ and 
\^{vi) — 70(1^1)1 < £ for alH = 1, . . . , n. As above, we have for all w e 

7(w) = sup{7(T;),sup{|Ai|7(^;j) : = 0}}. 

If 7 G r satisfies 7(w) = 7(t^), then for all i such that Hi = the estimate |Ai|7(fi) < 
7(1;) < e holds. Since 7o(w) = |Ai|7o(fi) for some i satisfying /li — 0, this implies that 

ItH - 7oH| = |7(^^) - |Ai|7o(^^i)| 

< |7(^^) - |Ai|7NI + \>^i\\livi)-1o{vi)\ < 2e. 



If 7 G r satisfies 7(w) = |Aj|7(t'j) for some i with Hi = 0, then we have for all j such 
that Hj = 

|A^-|7o(^^j) < \Xj\7ivj)+£ 

< \Xi\-f{vi)+e <\Xi\-fo{vi) + 2e. 
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If 7o(w) = |Aj|7o(t'j), we also have |Ai|7o(fi) < \^j\lo{vj), whence 
\l{w)-lo{w)\ = ||Ai|7(f,) - \Xj\io{vj)\ < e. 
Hence the claim is proven. 

Therefore is a continuous bijection from a compact space to a Hausdorff space, hence 
it is a homeomorphism. 

6 The reduction map from Drinfeld's symmetric 
domain 

Let P(V^) = Proj SymV^ be the projective space corresponding to V, i.e. points in 
P(V^) correspond to lines in the dual space of V. Drinfeld's p-adic symmetric domain 
Q is the complement in F{V) of the union of all i^'-rational hyperplanes. Q carries the 
structure of a rigid analytic variety. There is a reduction map r : fl —>■ X from Q onto 
the building X, see | pi)| , §6, which is defined as follows: Every ii'-rational point x in 
Q induces a line in the dual space of {V (S> K). For every element 2; 7^ on this line, 
the map V I — > \^i'^)\'K defines a norm on V. Then r(x) is the point in X associated to 
this norm via the bijection ip discussed in the previous section. 

We want to extend this reduction map to a map from the whole projective space to 
our compactification X of the building. In the following, we identify X with the set of 
equivalence classes of seminorms on V without specifying the homeomorphism any 
longer. 

Also we consider Berkovich spaces instead of rigid analytic varieties. Namely, let 
F{V)"'"' and fi"" be the analytic spaces in the sense of [|Bel|| corresponding to the 
projective space and the p-adic symmetric domain. Then P(V)"" can be identified 
with the set of equivalence classes of multiplicative seminorms on the polynomial ring 
Sym V extending the absolute value on K, which do not vanish identically on V. Here 
two such seminorms a and (3 are equivalent, iff there exists a constant c > such that 



for all homogeneous polynomials / of degree d we have a{f) = c (3{f), see Pe2 



In |Pe2|| , Berkovich defines a continuous, PGL (y)-equivariant reduction map r : 
Qan ^ right-inverse j : X —>■ which identifies X homeomorphically 

with a closed subset of 

We can now generalize these results to the compactifications P(\/)"" and X by using 
almost verbatim the same constructions for r and j as in ||Be2|| . 



For every point in P(V)'^" represented by the seminorm a on the polynomial ring 
SymV^, the restriction of a to induces a seminorm on V, hence a point in X. This 
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induces a PGL(y)-equivariant map 

r : P(l^)«" ^ X. 

On the other hand, let x be a point in X, corresponding to the class of seminorms on 
V represented by 7. Then 7 is canonical with respect to a basis Wi, . . . ,Wn oi V . If 
/ = Y.u={ur,...,ur,) "^'^r ■ ■ ■ w^^" is a polynomial in SymV, we put 

= sup{|a^|7(wi)'^^ . . . 7K)''"}. 

Then a is a multiplicative seminorm on Syml^ extending the absolute value of K, 
hence it induces a point in P(y)"'*. 

This defines a PGL (V")-equivariant map 

j -.X — ^ P(\/)"". 

Proposition 6.1 The maps r : P(T/)"" — > X and j : X P(\/)""' are continuous and 
satisfy r o j = id-^- Besides, j is a homeomorphism from X to its image j{X), which 
is a closed subset o/P(l^)"". 

Proof: The continuity of r follows immediately from the definitions. Since j is obvi- 
ously continuous on A and PGL(y)-equivariant, it is continuous on the whole of X. 
By construction, we have r o j — idx, so that j is a homeomorphism onto its image, 
which is a closed subset of P(y)""', since X is compact and P(y)""' is Hausdorff. 
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